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Abstract. We discuss symplectic cutting for Hamiltonian actions of 
non-Abelian compact groups. By using a degeneration based on the 
Vinberg monoid we give, in good C3-SGS, cL global quotient description of 
a surgery construction introduced by Woodward and Meinrenken, and 
show it can be interpreted in algebro-geometric terms. A key ingredient 
is the 'universal cut' of the cotangent bundle of the group itself, which is 
identified with a moduli space of framed bundles on chains of projective 
lines recently introduced by the authors. 



1. Introduction 

Since its introduction by Lerman in [Ler95j . the technique of symplectic 
cutting has proven to be an elementary yet remarkably useful technique 
in symplectic geometry with diverse applications, e.g. |Hau98[ ILMTW981 
ILROll IMarOSj . Symplectic cutting starts from a symplectic manifold (or orb- 
ifold) M with a Hamiltonian action of a torus T, and a (rational) polyhedral 
set P in t*; it returns a new Hamiltonian T-space Mp such that its image 
under the moment map is ^t{Mp) = fj,T{M) n P. Moreover the pre-images 
fij.^{mt{P)) in M and Mp are T-equivariantly symplectomorphic. 

The basic construction of the symplectic cut is as a global quotient (in 
|Ler95] only actions of a single U{1) were discussed, the natural gener- 
alization to cutting with arbitrary tori and polyhedral sets was given in 
[LMTW98) ). One takes the Cartesian product M x C", where n is the num- 
ber of facets of P, and then applies a symplectic reduction by the diagonal 
C/(l)" action: 



(1) Mp := M X C" /?7(1) 



From this definition it is clear what structures Mp obtains from M: if the re- 
duction is generic Mp will again be a symplectic orbifold with a Hamiltonian 
T-action, but it can inherit more. If M is Kahler and the T-action extends 
to one of Tc then the cut space will be Kahler as well (though the symplec- 
tomorphism on fi^^ will not be a Kahler isomorphism, see also ^BGL02j ): 
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in fact if M is (semi) projective the whole procedure can be understood as a 
GIT quotient in algebraic geometry |EG98] . 

On a topological level, one can understand this construction also more lo- 
cally, motivating the alternative name equivariant symplectic surgery. One 
takes the pre- image of P under the moment map fiT, and on the pre-images 
of the facets of P collapses the circle-subgroups of T determined by the 
normal vectors to the facets: 

(2) Mp^f,-\P)/^= [j fi^\mtiPi))/Tj, 

Pi^p 

where the Pj <^ P are the faces of P, and Tj is the torus perpendicular to 
P[. In line with this local viewpoint Lerman remarks that symplectic cutting 
can be generalized to functions that are not globally moment maps of torus 
actions - this property is only needed in a pre-image of a neighborhood of 
the boundary of the polyhedral set. 

It is obviously desirable to generalize this cutting construction to non- 
Abelian (compact) groups, and a number of approaches have appeared in 
the literature, though so far with fewer applications (see though |MW12] for 
a recent use). Notice that, given a Hamiltonian ii'-orbifold, one can always 
apply an Abelian cut with respect to the action of the maximal torus Tk, but 
the resulting cut space will in general only have an action by Tk, no longer 
by K. A first construction of a non-Abelian cut was given by Woodward 
in [Woo96j . and further detailed by Meinrenken [Mei98] . This construction 
gives, for a Hamiltonian action of a compact group K on a symplectic orb- 
ifold M and a polyhedral set P in the positive Weyl chamber of K that 
satisfies some conditions a new space, Mp, whose Kirwan polytope is the 
intersection of P and the Kirwan polytope of M. 

Woodward's construction is surgical in nature, in the style of ([2|): compose 
the moment map with the quotient from t* to the positive Weyl cham- 
ber t* , take the pre-image of P under this map, and again collapse certain 
circle actions on the pre-images of the facets (i.e. locally apply an abelian 
symplectic cut with respect to these circle actions). Unlike the Abelian case, 
these circle actions do not extend to global actions on M, essentially because 
the map to t* is not smooth everywhere. Intuitively, this explains why cut- 
ting in the non-Abelian case is a more subtle notion than in the case of torus 
actions. For instance, in contrast to the Abelian case, non-Abelian cutting 
need not result in a Kahler structure on Mp if M was Kahler. Indeed, in 
|Woo98] Woodward considers a co-adjoint orbit of U{3) (which is of course 
Kahler), applies a non-Abelian symplectic cut with respect to the action 
of U{2) cz U{3), and shows, using earlier work of Tolman [Tol98j . that the 
resulting cut space does not posses any compatible Kahler structure. 
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Besides the construction of [Woo96t IMei98j two other definitions labeled 
symplectic cutting for non-Abelian group actions have appeared in the lit- 
erature, one given by Paradan in [Par09] (for general compact K) and one 
by Weitsman [WeiOl] (for K = U{n), also discussed by Dancer and Swan in 
|DS10| ). These authors used their constructions in the context of geomet- 
ric quantization of non-compact Hamiltonian i^-spaces with proper moment 
maps. In both cases the cut spaces were defined as symplectic reductions 
by of M X j4, where A is a symplectic (in fact Kahler, even complex alge- 
braic) space equipped with Hamiltonian left and right actions of K. In the 
construction of Paradan ^ is a projective smooth (toroidal) compactification 
of Kc, in the construction of Weitsman A = M„xn(C). Since symplectic 
reduction preserves Kahler structures, these symplectic cuts always result in 
Kahler spaces if M is Kahler. A priori it is unclear how they are related to 
Woodward's construction, in fact both Paradan and Weitsman state their 
constructions are different. 

It is the aim of this note to show that in good cases a global quotient 
counterpart, in the style of ([TJ, to the construction of Woodward does exist. 
Like in the Abelian case this allows for the cut to be understood in Kahler 
geometry and even in algebro-geometric terms if M is Kahler or an algebraic 
variety to begin with. As a consequence it follows that the construction of 
Paradan is a special case of the construction of Woodward. 

In order to do this we proceed in two steps: the first involves the notion 
of a universal cut, given as the symplectic cut of the group K acting on its 
own cotangent bundle T*K. We show that for a sufficiently general P the 
cut space Mp can be obtained as the symplectic reduction of the Cartesian 
product of M with this universal cut (T*K)p: 



This is highly reminiscent of the symplectic implosion construction of Guille- 
min, Jeffrey and Sjamaar |GJS02] . for which the action of the compact group 
on its own cotangent bundle also provided a universal implosion. 

After establishing this we can now focus our attention solely on discussing 
(T*K)p, which will take up the bulk of the paper. At this point, we re- 
strict ourselves even further to cuts where the polyhedral set is given by 
the intersection of a Weyl-invariant polyhedral set in t* with t* (with some 
mild extra conditions, an example is given in Figured]). Though restrictive 
this is still sufficient to obtain compact Mp if the original moment map 
was proper. In these cases we then establish a global construction for the 
universal cut, as a symplectic reduction or GIT quotient of a certain affine 
variety. This construction appeared recently in other work of the authors, 
MTllj . were {T*K)p, which in algebraic geometry is a compactification of 
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Kc was shown to be a moduli spaces of iCc-bundles on chains of projective 
lines. 



Figure 1. A polytope with outward normal vectors in the 
positive Weyl chamber, meeting any wall of the Weyl chamber 
perpendicularly. 

The main technical tool that allows us to do this is the remarkable Vinberg 
monoid, introduced in |Vin95b| . One can interpret this monoid as the total 
space of a particular x ii'c-equivariant degeneration of Kc, in such a 
way that the degenerate fibers now do posses the extra needed symmetry. 
The simplest non-trivial example of this is Kc = SL{2,C). The function 
to the positive Weyl chamber which one uses to apply a symplectic cut a la 
Woodward here is 

(4) A ^ ^- det (^A*A - iTr(ylM)/2x2) , 

the absolute value of the eigenvalue of the SU{2) moment map. Since this 
function is not smooth everywhere on 5-L(2,C), it cannot be the Hamilton- 
ian of a globally defined ?7(l)-action. The Vinberg monoid in this case is 
simply M2x2(C), which we can think of as a degeneration of SL{2, C) to the 
subvariety of singular matrices. This subvariety is singular (a cone over a 
quadric); however it has, unlike any of the other fibers of the determinant, 
an extra symmetry besides the SU{2) x SU (2)-action, as it is also preserved 
under scalar multiplication. On the smooth locus this global U{1) action 
has ([1]) as Hamiltonian (up to a factor ^ , see Section I3.2.2p . 

The outline of the paper is as follows: in Section [2] we discuss some pre- 
liminaries and we describe the non-Abelian cut construction as given in 
|Woo96[[Mei98] . To set the tone for the rest of the paper we also recall the 
Delzant construction of toric orbifolds and show that it can be interpreted 
as an (Abelian) symplectic cut of the cotangent bundle of the compact torus 
in the vein described above; this reinterpretation even extends its use. In 
Section [3. II we then restrict to cutting with respect to a universal polyhedral 
set, and show ([3]). In l3.2l we further restrict to the case where the (outward) 
normal vectors to the faces of the polyhedral set are all in the positive Weyl 
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chamber. We recall the Cox-Vinberg construction introduced by the authors 
in [MTllj . and show that it corresponds in symplectic geometry to the cut 
of T*K. This allows us to formulate in Corollary 13.51 the generalization of 
([T]) to the non-Abelian torus-quotient of the total space of a de- 

generation of M based on the Vinberg monoid. In 14.11 we mention how this 
recovers the cuts used by Paradan. We briefly discuss the cut of Weitsman 
in 14.21 This construction, which applies to Hamiltonian C/(n)-actions, is not 
a special case of Woodward's definition, but it can be described through a 
local surgery method which we outline. Finally, in Appendices A and B we 
describe some of the symplectic geometry of complex reductive groups and 
spaces of matrices, necessary for the proof of Theorem 13.41 

Acknowledgements. The authors would like to thank Eugene Lerman, 
Reyer Sjamaar, Chris Woodward, Andrew Swann, Hans-Christian Herbig, 
Brendan McLellan, Lisa Jeffrey and, via MathOverflow, Reimundo Heluani 
and Peter Kronheimer for useful conversations. 

2. Preliminaries 

2.1. Notation & basic conventions. Let be a compact (connected) 
Lie group with Lie algebra t, and G = Kc its complexification, a complex 
reductive group. We fix a maximal torus T ^ K with Lie algebra t, giving 
Tc c G, and we denote the Weyl group by W. We choose (closed) positive 
Weyl chambers, denoted by t+ and t* . We use {., .) for the pairing between 
t and i*, and we shall denote by r the involution given by r(x) = —w{x), 
where w is the longest element of W. 

We say that a variety M is semiprojective if it is projective over an affine. 
We shall use symplectic reduction, Kahler quotients and geometric invariant 
theory (GIT) quotients, and shall denote them all by 

M/g K or M/^ G, 

where ^ either indicates the central value in P at which the symplectic 
reduction is taken, or the linearization used for the GIT-quotient. 

All the GIT-quotients we encounter will have no properly semistable points. 
Moreover we shall always consider the orbifold (smooth Deligne-Mumford 
stack with trivial generic stabilizer) [Af^/G], and we shall abuse notation 
by still referring to this stack-theoretic quotient as the GIT-quotient rather 
than to its coarse moduli space (which is what is normally understood as the 
GIT-quotient). Likewise we shall be somewhat cavalier in the symplectic 
category when talking about orbifolds and Hamiltonian group actions on 
them, we refer to |LM12j for all background. 

We have actions of K on itself and on G, which we shall denote uniformly 
by Ck{g) = kg and TZkig) = gk^^- We shall identify elements in t with left 
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invariant vector fields and as such obtain identifications 

TK^Kxi and T^K^Kxt. 

Tlie actions C and TZ of K on K lift to T*K, and in the above trivialization 
they are given by 

C'^{k, X) = {itk, X) and n-^{k,X) = {kk-^,AdlX). 

Both are Hamiltonian with respect to the canonical symplectic form, with 
moment maps respectively given by 

fi^{k,X) = -Ad^(A) and ^J^'^{k,X) = A. 

Given a matrix A e M7VxAf(C), we shall denote its Hermitian conjugate (i.e. 
conjugate transposed) by ^* = ^ . 

2.2. Labeled polytopes and stacky fans. As mentioned before, when 
making a symplectic cut, Abelian or non-Abelian, we will need to specify a 
rational polyhedral set P, i.e. a set cut out by a finite number of half spaces 
determined by 

(5) 

where the variable x ranges over t*, the are real numbers, and the outward 
normal vectors /3j are integral vectors in tz- Often one takes the /3j to 
be minimally such, but when working in an orbifold setting it is useful to 
relax this condition, and to allow the /3j to be positive integer multiples of 
the minimal integral outward normal vectors to the facets of P. One can 
indicate this by labeling the facets of P with positive integers, as done in 
|LT97j . This extra data makes the fan determined by P into a stacky fan 
as in |BCS05l IFMNlOj . see Figure [2] for an illustration. As this creates 
no further complications otherwise, we shall throughout tacitly assume that 
such a choice of labeling or stacky fan has been made, which we shall indicate 
in the pictures by drawing the /3j as normal vectors to the facets of P. In 
the non-Abelian situation we will restrict the P determined by the ^ tot*, 
we shall always assume that each half-space has a non-empty intersection 
with t* . 

Moreover, whenever we want to interpret the cut in algebraic geometry we 
shall assume that also the .^j are rational, so that we can use the n-tuple 
^ = ('^i,...,^^) to construct a fractional linearization (see e.g. [Tha96| ) 
with respect to which we can take a GIT-quotient. 

Because we stick to an orbifold context, the P will always be simple (but 
not necessarily Delzant). Most of what follows can however be generalized 
to stratified symplectic spaces, where the simple condition is no longer nec- 
essary. 
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Figure 2. The stacky fan corresponding to a labeled polyhe- 
dral set. 

2.3. The Delzant construction as a symplectic cut of T*T. The cele- 
brated construction by Delzant [Dcl88] realizes every (compact) toric man- 
ifold M as a symplectic reduction of a complex vector space C" (where n is 
the number of facets of the moment polytope of M) by a subgroup of ?7(1)". 
In particular, if the polytope P is described by the inequalities ([5]), the f3i 
determine a short exact sequence 

(6) 1 [/(!)" ->r^i, 

and Delzant shows that 

M ^ CV? L. 

The algebraic geometric equivalent of the Delzant construction is known as 
the Cox construction [Cox95], which realizes toric varieties as categorical 
quotients of an open subset of C" by the complexification of ([/(!))", and 
which is a GIT-quotient if the toric variety is (semi)projective. 

For the Delzant construction in this form to work it is crucial that the 
sequence ([6]) is exact on the right (which is equivalent to saying that the 
/3j generate t). This is always the case for compact toric manifolds, but 
often fails for toric manifolds that are non-compact but still have a proper 
moment map. E.g. for any compact torus T the cotangent bundle T*T is a 
toric manifold, but the (proper) moment map 

fiT ■■ T*T xe :{t,h)^h 

is surjective, and hence there are no /3j at all. One can however formulate 
a slight variation on the Delzant construction, which is equivalent to the 
Delzant construction when the sequence ([6]) is exact on the right but also 
works for non-compact toric manifolds whose moment maps are proper onto 
a polyhedral set. Indeed, we always have that C/(l)" acts on x T*T, 
in the usual way on the first factor and by the cotangent lift of the action 
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j3 : [/(I)" G T determined by the fii on the second. Then one can simply 
use 

(7) M ^ (|c" X r*r)^ u{iT = {t*t)p. 

This variation has the additional feature that it manifestly realizes the toric 
manifold as an (Abelian) symplectic cut of T*T. Visually we can just inter- 
pret every factor of ^7(1)" cutting down the surjective image of the moment 
map for the action of T on T*T by the corresponding half-space, finally 
resulting in the desired polyhedral set P. 

2.4. Non- Abelian symplectic cutting. We shall briefly review the con- 
struction given in |Woo961 §8] and |Mei981 §6]. Strictly speaking Woodward 
introduced the cut with respect to a single hyperplane, the natural gener- 
alization to polyhedral sets was given by Meinrenken, whose exposition we 
shall summarize. 

Let M be a Hamiltonian if-orbifold, with moment map ■ M ^ t*. 
We have i*/W = t*/K, and we can identify t*/W with t* , a fundamental 
domain for the VF-action. As the invariant part under the coadjoint repre- 
sentation of Tk on fi* we have a canonical inclusion t* ^ t* , and in fact the 
triangle 




commutes. We denote by $ the composition 
(8) $:M-^r^t*. 

By a theorem of Kirwan |Kir84j $(M) is a polytope if M is compact, often 
referred to as the Kirwan polytopeij. Let now a polyhedral set P be given in 
t* , determined by inequalities ([5]), that satisfies a few extra properties (see 
Definition 12.11 below) . The basic idea is to cut with respect to the functions 
fi = {A, "^(O) ~ take the pre-image of P under <I> and collapse by a circle 
action that has fi as Hamiltonian on the i-th. facet. The functions fi are 
however not globally smooth (because q is not), and therefore cannot gener- 
ate global U{1) actions. The approach of |Woo96j and |Mei98] is therefore 
to just work locally, and observe that this is sufficient. 



By using non- Abelian cutting this implies that if M is not compact but has a proper 
moment map then $(M) is a locally polyhedral set - this was also proven (before the 
advent of symplectic cutting) in [HNP94| . We shall abuse terminology and still refer to 
tl?(M) as the Kirwan polytope. 
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In what follows, when we refer to a 'face of P\ we just mean the intersection 
of P with a finite number of hyperplanes (^f3i,x} = i.e. the walls of the 
Weyl chamber itself are not taken into account. Likewise the interior of P 
is just given by 



in particular this can contain elements on walls of the Weyl chamber. We 
shall denote faces of P by Pi, where la {1, . . . , n} indicates which inequal- 
ities to set to equalities. For each such P/, we shall denote by T/ the group 
Y\iei which comes with a morphism to T by the (/3j)jg/. 

Definition 2.1. Given M as above, we say P is admissible with respect to 
M if the following three conditions are satisfied: 

(1) The affine hyperplanes {/3j,a:) = are all transversal (i.e. P is 
simple in i* ). 

(2) For all faces Pi of P, and all x e fj,]^^{Pi n iX),ix n t/ = {0}, where 
tx is the Lie algebra of the stabilizer of x in K. 

(3) For all faces Pi of P meeting a face a o/ t* in <I>(M), the tangent 
space to Pi contains the affine subspace perpendicular to a. 

Given a face a of t* , we denote by the stabilizer group for the coadjoint 
action, and Aa- its connected center. Since T i^o-, we always have Aa- cz T. 
For any such a, write 



(9) = (Jint(a), and = /^-^ (Ad* (i^,) ([/,)) . 



By the symplectic cross section theorem ( |Mei98l Theorem 6.1]. |GS9"0| §26]), 
we have that Y„ is a Hamiltonian Kf^-space, and the action of A„ on Y„ 
extends uniquely to an action on Ma- = {Ua) that commutes with the 
action of K. The moment map for this A^ action is given by 



where vTo- is the natural morphism t* ^ a*. Notice that this action of A„ is 
in general not given as the induced action of a subgroup of K. 

Now suppose we have a P admissible with respect to M. By condition ([3]) 
of Definition (12. ip we have that (j)i{Ti) is a subgroup of A^ for all a with 
Pi n a 0. One can choose a neighborhood a cz <^ Ua for any a such 
that 



(observe that we have canonical inclusions a* cz t*). By using the ^o--actions 
we can take the (Abelian) symplectic cuts (K-)p^, where P^ = P r\ a*. 
Moreover, the ^>^^ {Va) cover M, and we can glue the local cuts ^>^^ (^o-)p^ 




(10) 



(11) 



K n P = n vr-i (P n o^) 
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together to obtain a new Hamiltonian iC-orbifold, which we refer to as the 
cut space Mp. We have 

$(Mp) = $(M) n P, 
and there is a decomposition into symplectic suborbifolds 
(12) Mp= [j $-i(int(P/)yr,. 

Definition 2.2. We say P is universal if P is admissible with respect to 
T*K , equipped with the K- action TZ. 

This just means that P is simple and that if a face of P intersects a wall of 
the Weyl chamber t* , it does so perpendicularly, as illustrated in Figure [3l 




Figure 3. Examples of universal polyhedral sets P for K = SU{3). 

Remark 1. Given M , not all admissible polyhedral sets need to be universal. 
The cut employed by Woodward in |Woo98| on a coadjoint U (3) -orbit (see 
Figure cannot be made with respect to a universal polyhedral set. 




Figure 4. The cut employed in |Woo98| . 

3. A GLOBAL QUOTIENT CONSTRUCTION FOR CUTS 

3.1. The universal cut. We begin by introducing the notion of a universal 
cut, i.e. a cut of T*K, as a tool for studying cuts for arbitrary orbifolds. 
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This idea is essentially applicable to any universal procedure one can ap- 
ply to a Hamiltonian ET-orbifold, and was used in [GJS02] for symplectic 
implosions. 

Proposition 3.1. Let M be a Hamiltonian K-orhifold, and let P he a uni- 
versal polyhedral set in t* , admissible with respect to M . Then 



where we cut T*K with respect to the action IZ, and the diagonal action of 
K on M X (T*K)p uses the C-action on the second factor. 

The above choices of actions are just made for convenience. Notice that 
cutting T*K using a polyhedral set P and the action TZ is the same as 
cutting it with respect to r(P) and the action C. 

Proof. First recall (see e.g. |GJS02t Lemma 4.8]) that given any M as above, 
we have that, as Hamiltonian X-orbifolds, 



To finalize the proof it just suffices to observe that, given two commuting 
Hamiltonian actions, symplectic cutting for one (with respect to a univer- 
sal and admissible polyhedral set) and symplectic reduction for the other 



In the Abelian case K = T Proposition 13. H together with ([7]), just states 
the well-known fact that the Abelian symplectic cut can be realized as the 
reduction by T of the product of M and the toric orbifold determined by 
P. 

3.2. Universal cuts and toroidal G-embeddings. 

3.2.1. Outward-positive polyhedral sets. Because of Proposition [3T| we can 
restrict ourselves to studying {T*K)p when cutting with respect to a uni- 
versal P. For the rest of the paper, we shall make a further restriction on 
the P that we use: 

Definition 3.2. A polyhedral set P in t* determined by a finite number of 
inequalities of the form ([^ is said to be outward-positive if all the Pi are 
contained in the positive Weyl chamber t+ . 




M ^{M X T*K) /o K. 



commute. 



□ 



See Figure [5] for some examples of outward-positive polyhedral sets (note 
that none of the universal polyhedral sets of Figure[3]are outward-positive). 
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Figure 5. Examples of universal outward-positive polyhedral 
sets PforK = SU{3) and K = U{2). 

Remark 2. When cutting with an outward-positive polyhedral set P, there is 
little loss of generality in assuming that P is also universal. Indeed, suppose 
the moment map for M is proper and P is admissible with respect to M 
and outward-positive, but not necessarily universal. Then one can always 
impose some extra inequalities to obtain a new outward-positive polyhedral 
set P ^ P such that P is universal and Mp = Mp, see Figure\Ei for an 
example. This is not true if P is not outward-positive. 




Figure 6. A symplectic cut made with a non-universal 
outward-positive polyhedral set P, and the same cut obtained 
with a universal outward-positive P a P. 

An outward-positive polyhedral set P can always be written as the inter- 
section of t* with a VF-invariant polyhedral set WP in t*, if P is moreover 
also universal this WP will have all of its vertices in the interior of Weyl 
chambers. Given such a P we shall denote its (stacky) fan of normal vectors 
by S, the support of T, is entirely contained in t+. 

Our aim is now to show that if the polyhedral set is outward-positive then 
(T*K)p can be understood in algebro-geometric terms as a (polarized) 
toroidal spherical embedding of G. 

These embeddings where studied in jMTll| . where it was shown they can 
be interpreted as moduli spaces of framed G-bundles on chains of projective 
lines. In [MTll] they were denoted by A^g'($]), but since we shall always 
consider them here with a choice of a (rational) polarization we shall refer 
to them as A^g(-P)- These are smooth Deligne-Mumford stacks, with trivial 
generic stabilizer and a G x G -action on them. Their coarse moduli spaces 
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are semiprojective toroidal spherical G x G-varieties. If P is compact the 
M.g{P) are compactifications of G; P can then also be described as the 
intersection of t* with the convex hull of the Weyl orbit of a finite number 
of points in the interior of t* . 

Of particular relevance here is that in |MT11) a construction was given, 
dubbed the Cox-Vinberg quotient, that realizes 7Mg(S) as a torus quotient 
of an open subvariety of a certain affine variety. If is semiprojective, 

which is always the case in our current context, the Cox-Vinberg quotient 
can be understood as a GIT-quotient. We shall here consider it as a sym- 
plectic reduction, in which sense it generalizes the variant on the Delzant 
construction outlined in Section [2.31 

Notice that, if (T*K)p is a compact manifold, the Delzant conjecture, now 
proven in [Knoll] and |Los09j . shows that (T*K) p is determined up to equi- 
variant symplectomorphism by its Kirwan polytope, since it is multiplicity- 
free. This could be used to show the symplectomorphism we want to estab- 
hslfl. Our strategy for the proof is entirely different however, as we aim to 
clarify the relationship between the construction of (T*K)p as a symplectic 
cut and the Cox-Vinberg quotient. This has as an added advantage that it 
also works if (T*K)p is not compact or if it is an orbifold (or possibly even 
if it is singular and interpreted as a stratified symplectic space). It seems 
very plausible that a generalization of the Delzant conjecture holds true for 
Hamiltonian ii'-orbifolds with proper moment maps; it is well-known how- 
ever that, unlike in the Abelian case, the Delzant conjecture is false when 
one allows singular spaces. 

3.2.2. The Cox-Vinberg construction. At the basis of this Cox-Vinberg quo- 
tient construction lies the Vinberg monoid Sq of a (complex) reductive group 
G. This is a reductive affine monoid, with group of units 

G={Gx Z)/ZG, 

here Z is a torus with a given isomorphism to the maximal torus Tq, and 
ZG is the antidiagonal embedding of the center of G. For G semisimple Sq 
was introduced by Vinberg in |Vin95bj . where it was called the enveloping 
semigroup of G. For arbitrary reductive G the definition was extended 
by Alexeev and Brion in |AB04j (this generalization shares most of the 
properties Sq has if G is semisimple, with the possible exception of the 
universal property exhibited by Vinberg). It can be described as follows: 
by the algebraic Peter- Weyl theorem, the ring of regular functions of any 
complex reductive group G decomposes as a G x G-representation as 

k[G]=@k[G]^, 

A 

^Indeed, this strategy was used by Manolescu and Woodward for the wonderful com- 
pactification of an adjoint group in the unpublished [MW08| . We are grateful to the 
authors for sharing this manuscript with us. 
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where ^[GJa are the matrix-coefficients of the irreducible representation with 
highest weight A as functions on G. The Vinberg monoid is defined by taking 
a subring of k[G]. Let Xq be the character lattice for Tq- The character 
lattice of Tg is then given by 

Xg = i^{x,y) e Xq x-y = rnai, e z| , 

where the are the positive simple roots of G (or K). 
The Vinberg monoid is now defined (as a variety) by 



Sg := Spec ( k[G]x 

^ A e XgnQc 



where Qg is the cone 



Qg ■■= ^{x,x + 



mai) 



X e , TTij ^ > . 



Vinberg shows Sg is a monoid, moreover the affine GIT-quotient 

A:=5g^(Gx G) 

is the smooth affine toric variety for the torus Z/ZG determined by the cone 
spanned by the Oj. The fibers of ttg ■ Sg A over the open orbit of A are all 
isomorphic to G as G x G- varieties, the fiber over the Z/ZG-&xed point of A 
is referred to as the asymptotic semigroup of G by Vinberg [ Vin95aj . 

Suppose now that a polyhedral set as above is given, with (outward) normal 
vectors /3j. These /3j determine morphisms (/>^. from Gm = C* into Z and 
hence also into Z/ZG. Since moreover all the /3j are contained in the positive 
Weyl chamber t+ the collectively morphism (pjj from := GJ^ to Z/ZG 
extends to a morphism of monoids (p/^ from A^ := C" to A. We can now 
take the fibered product 



Sg,I3 



Sg 



TTG 



A, 



This is a monoid with group of units G x Gjs, flat over A^, with generic flbers 
isomorphic to G. Note that (/>^ can only be the identity if K is adjoint and 
the /3j are the fundamental coweights . This is also the reason behind the 
extra factor occurring in the SL{2, C) example given in the introduction: the 
SsL{2,c),i3 one wants to consider to cut <S'L(2,C) is not just M2x2(C) (which 
is SsL{2,c))j but rather matrices in M2x2(C) together with a choice of a 
square root of their determinant. 
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It is straightforward to check that we can describe 5g,/3 directly as fol- 
lows: 

Lemma 3.3. If we define the cone 

(13) QG,/3-={{x,m,x} + m.^^) I xet*,mi ^O} ^t*©(u(l)")* 
we have 

Sg,p = Spec I k[Gx G^]a 

Consider now the action of on Sc^p, given by the obvious action on 
and the action on So induced through the morphism ^ Z. It is proven 
in [MTll] that we have 

(14) SG,(skGfs = MG{P), 

for our purposes we can take this as the definition of A4g{P)- 

3.2.3. Hamiltonian geometry of Sep- We want to show that, if we interpret 
this quotient in symplectic geometry, the result is symplectomorphic to the 
corresponding cut of T*K. In order to do so we need to choose a symplectic 
structure on Sep] we shall choose one coming from an affine embedding by 
restricting the Euclidean metric on the ambient space. 

In particular, we shall choose an embedding l that realizes Sc/s as a closed 
submonoid of some M^xNiC). This is always possible, see |Vin95bl Remark 
on page 169]. In this way 5g,/3 becomes KahleJl, and the GIT construction 
will lead to an variety that is semiprojective, which is again Kahler by 
combining the Fubini-Study metric with the Euclidean one. We shall use 
a maximal compact subgroup K x C/(l)" of G x Gp compatible with this 
Kahler structure. 

Notice that our only ambition here is to relate a purely algebraic construction 
to a purely symplectic one, and we can therefore just choose a compatible 
Kahler structure to serve our purposes. The full problem of describing all 
of the admissible Kahler structures that can occur on this symplectic cut is 
more subtle and not addressed here. 



It follows from |Sja98 Theorem 4.9] that the cone Qg,i3 given in (jl3p is the 



image under $xxc/(i)") i-e- the moment map fJ-KxU{i)" ^'^^ the 7^-action of 
KxU (1)" on Sg,i3 composed with the projection on the positive Weyl cham- 
ber t* ©(u(l)"')* (the map *^a'xI/(i)" for the £-action is given by composing 
the one for the 7^-action with r). 



Strictly speaking, since Sg,i3 a priori might have singularities, it would have to be 
interpreted as a stratified symplectic space. We can ignore these issues however, since the 
GIT-stable subvariety of Sg,/3 is smooth, by |MT11I Theorem 7.1] and |Vin95bl Theorem 
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Lemma EH] gives us moreover a section of the moment map fJ^KxU{i)"i which 
we shah simply denote by s. In what fohows we shall furthermore denote 
the moment map for the [/(l)'"-action on Sg,i3 by /x. 

3.2.4. Correspondence results. With all of this set up, we are ready for our 
main result: 

Theorem 3.4. There is a K x K-equivariant symplectomorphism of (real) 
orbifolds 

{T*K)p ^ Mg{P). 

Proof. We begin by establishing local (orbifold) diffeomorphisms. We shall 
follow here the notation used in Section 12. 4[ Recall that there local descrip- 
tions of the non-abelian cut were given as abelian symplectic cuts <I>^^(Fo-) Pa 
using the local action of Aa- that commuted with the action oi K. In turn 
these abelian symplectic cuts are defined as 

where J denotes the equations among all inequalities ([5]) needed to describe 
Pfj - for convenience we shall assume that J = {l,...,r}. In what follows we 
shall need to make one small modification to this description: rather then 
using Va that are neighborhoods of all of a in Ua- satisfying (jlip . we shall 
just use neighborhoods Va- of crnP in Ua- that satisfy ()lip and moreover have 
the property that the inequalities ([5]) are strict for all j ^ J, as illustrated in 
FigureE One easily sees that ^^^{Va)Pa = ^"^(K)p„ if n P = n P. 




Figure 7. Example ofV^. 



We shall now write down a morphism from <I>^"^(V^) x C to Scp^ for 
which we describe elements in in polar coordinates as {e'^^^rj)j^j - we 
normalize the moment map of ^7(1)'' on C to be {f''j)j. We define 

Ta : {{k,^)M'^r^),) - [k, {^'^% (1^.^)..(7, (r| + ^(7))) , ) , 
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where '.' denotes the £-action. This is well-defined: because of the restric- 
tions to Va the argument of s indeed lies in its domain, i.e. Ad*{K x 
[/(!)") (Qg,/3)) and secondly, there is an ambiguity in the e*^^ whenever 
Tj = 0, but one checks that the action of e*^^' on both and (using |Vin95bt 
Theorem 7]) on So, and hence on the image of T^, is trivial whenever rj = 0. 

We leave it as an exercise to the reader to show that Tu is an embedding 
and equivariant for the action oi K y. K and U{lY , where K x K acts in 
the obvious way on <I>^^(V^) and U{lY acts diagonally on the product, on 
$~^(V^) through and on C" in the obvious way. Using (llOp one sees that 
the moment map for this C/(l)''-action on <1>^^(V^) x C is given by 

((A:,7),(e^^^r,),)-(r| + </3.,9(7)»„ 
from which it follows that the (^i, . . . , ^r)-level set of this moment map gets 
sent by T„ to n^^iO ^ Sg,i3- 

One can now think of the symplectic reduction Sc^p//^ U{\Y as happening 
in two stages: first take the reduction by the first r factors of {7(1)", and 
then by the remaining n — r ones. If the image of To- intersects an orbit for 
the last n — r {7(l)-factors it does so transversely and in a single point (the 
latter follows by using Lemma IB. II and |Vin95bl Theorem 7] ) ; as a result 
T^[^^^{Va) X U{lY provides an orbifold slice for the level set of 

the moment map for the last n — r ?7(l)-factors acting on Sg,i3//(^^)j^j U{1Y . 
This establishes the local diffeomorphism. 

The ^^^{Va)p^ cover (T*K)p and every C/(l)" orbit in /U^^(^) meets some 
T^{^^^{Va)), essentially since it follows from ()13p that 

where is g o : 5^,^ t* • Therefore we have a global diffeomorphism 
between the orbifolds. 

To show that this is a symplectomorphism, it suffices to show it for a dense 
open subset. Let a° be the minimal face of t* (containing the origin). We 
can take as K-o the whole of int(P). We have that Tfjo[^~^[mt{P))) x 
U{lY = G X G/3 cz Sg,i3- Since the symplectic form on Sg,i3 is 

obtained from l, Lemma IA.2I ensures that we can use Lemma lA.ll from 
which it follows that in the diagram 

r^o(cD-i(int(p))) X u{iY ^ > i^-'iO ^ Sg,p 



^>-i(int(P)) 

the pull-backs of the symplectic forms on <I>^^ (int(P)) and Sg,p coincide. □ 
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Finally from this we can conclude a non-Abelian version of ([I]): 
Corollary 3.5. There is a natural symplectomorphism 

(15) Mp^ (^^{M X Sg) f^K^ x^Ap^ f^U{ir. 

Proof. It suffices to combine Theorem 13.41 with Proposition 13.11 and p4|) . 
and notice that since all group actions involved commute we can switch the 
order of the quotients. □ 

Remark 3. If K = T is a torus, Sq is just G = and A is a point; il5\) 
then just reduces to ([ip. // M is a semiprojective algebraic variety, we can 
think of (M x Sq) /o G as the total space of a flat degeneration of M over 
A; this family also appeared in |AB04t §7]. 



4. Comparison with constructions of Paradan and Weitsman 

4.1. Paradan. As stated in the introduction, Paradan [Par09j defines non- 
Abelian symplectic cutting of M as the reduction 

Mcut = (M X A)//o K, 

where A is a smooth projective variety, which G x G-equivariantly compact- 
ifies G. Paradan constructs this by taking a finite collection of irreducible 
representations Vx. of G, where all the highest weights Aj are regular dom- 
inant weights, i.e. contained in the interior of t* . He shows that if the 
convex hull of the Vl^-orbits of the Aj is a Delzant polytope then one has an 
embedding 




and A, the closure of G in this projective space, is a non-singular vari- 
ety. 

It follows from the theory of spherical embeddings (see e.g. |PezlO| ) that 
all such A are toroidal spherical G x G-varieties. If K is adjoint or Sp{n) 
(or a product of these), it even suffices to take a single regular Aj. In this 
case A will have a unique closed G x G orbit, i.e. it will be a wonderful 
compactification of G. 

Any toroidal embedding of G, in particular the non-singular ones used by 
Paradan, can be obtained from the Cox-Vinberg construction given in Sec- 
tion I3.2.2[ It suffices to use as P the intersection of the convex hull of the 
M^-orbits of the Aj with t* - it is easy to see this is a universal polytope. As 
a result the cut construction of Paradan can be seen as a special case of the 
cut of Woodward. 
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4.2. Weitsman. In [Wei01| Weitsman defines a symplectic cut for Hamil- 
tonian C/(n)-manifolds by 

M X M„xn(C))/[/(n), 



wliere e is a central value in u(n)*. A surgery- type description for this 
construction was also given in [DSlOl §3], we rephrase it here in the language 
we have used for the Woodward construction. We shall use as T diagonal 
matrices in U{n), as before we identify u(n) with u(n)* by means of an 
invariant metric, and we use as positive Weyl chamber 

/ Ai \ 

A2 



V 



with Ai ^ • • • ^ A„ 



Define the subsets of t* 



P. 



A„ / 



"e.fc := {Al ^ ■ • • ^ A„_fc > Xn-k+1 = • • • = A„, = e}. 

Weitsman calls M cuttable at e if e is a regular value of the moment map 
on M X M„xn(C), one then has (cfr. [WeiOH Remark 2.9]): 



ke{0,...,n} 



where ~fc is determined by dividing out by the 7^-stabilizer of ^j^k{-) £ 
-^nxn(C) - all of these are isomorphic to U{k). A major difference with 
the Woodward construction is that the groups one quotients out by on the 
boundary of the polytope P^^q are non-Abelian. In particular, M//^ U{n) 
itself is a subspace of M^. It is also harder to see if M is cuttable, compared 
to the conditions of Definition (12.11) for the Woodward construction. 



The main aim of the cut in [WeiOlj is to produce compact spaces out of 
non-compact ?7(ra)-spaces with proper moment maps. For this purpose a 
single cut will in general not suffice, rather Weitsman takes a cut, reverses 
the symplectic structure, takes another cut, and reverses the symplectic 
structure again, to obtain (M^)^, which will always be compact. 



Appendix A. Symplectic structures on complex reductive 

GROUPS 



As we want to compare a symplectic construction involving T*K with an 
algebraic construction involving G, we need a way to relate the two. This is 
provided by the following: 

Lemma A.l. Let G he a connected complex reductive group, the complexi- 
fication of a compact Lie group K . Assume we have a symplectic structure 
ug on G, such that the two actions C and TZ of K on G are Hamiltonian 
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with moment maps ]1 and Jl . Assume further that we have a projection 
H : G K that is equivariant for C and TZ, and whose fibers are Lagrangian 
for ojg ■ Then the morphism 

is a K X K-equivariant symplectomorphism onto an open submanifold of 
T*K. 

In particular if JfJ^ is surjective we have a symplectomorphism with all of 
T*K. As G/K is contractible this image always contracts onto K. Notice 
that the use of /I^ in the definition of ^' is a consequence of the choice 
we made to identify T*K with K x hy means of left-invariant vector 
fields. 

Proof. Observe first that since the two actions commute, p,^ is invariant 
for the 7^-action and vice versa. Since both actions are free and the orbits 
have half the dimension, we have that the differentials of Jl^ and Ji^ are 
surjective, from which one deduces that their images are open, and that 
the fibers of Ji^ are the orbits of the /^-action and vice versa. From this 
one checks straightforwardly that ^' is a x ET-equivariant diffeomorphism 
which intertwines the moment maps. 

To see that ^ is a symplectomorphism, observe that from the properties of 
n it follows at once that the fibers of 11 are transversal to the orbits (for 
both actions) . At any point (7 of G we can therefore write any tangent vector 
X as a sum of a 'vertical' part X^, which is tangent to a fiber of 11, and 
a horizontal part Xh, tangent to the orbit of the 7?.-action. Using the fact 
that the fibers of 11 are Lagrangian we have 

uciXh + X^,Yh + Y^) = ujciXh, Yh + y„) - ujciYh, X^), 

and likewise for the pull-back of the symplectic form on T*K. Since both Xh 
and Yh are evaluations of vectorfields generated by 7^ at 5, the contractions 
of the symplectic forms by them are determined by the moment maps /i^ 
and fi^. Since ^' intertwines these moment maps, evaluations of both forms 
are identical, and the result follows. □ 

The Cartan decomposition (see e.g [Kna021 Theorem 6.31]) says that every 
element g in G can uniquely be written as g = ke^'^, with k e K and X e t. 
As a consequence we obtain a canonical projection 

U,d:G^K:g^k 

which is equivariant for C and TZ. It turns out that if we equip G with 
the Kahler form obtained from any faithful representation by restricting the 
Euclidean Kahler form on GL{N,C) cz M7VxAf(C), we can use this Ilcd to 
apply Lemma [A. 11 Indeed, we have 
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Lemma A. 2. The fibers of Ilcd are Lagrangian for the Kdhler form on G 
inherited from Mn^n{<C). 

Proof. This follows from a simple direct computation: the Kahler metric on 
-^ArxAr(C) can be written as 

(16) gE{A,B) = TT{AB''), 

and hence the Kahler form can be written as 

uje{A, B) = Ke (Tr {A {iBY)) = -'^rn (Tr {A S*)) . 

Tangent vectors to a fiber of Ilcd at a point ke'^'^ can be written as ^ |o^e*^'^+*'^) , 
with /i and u elements of u{N), i.e. anti-Hermitian matrices. We therefore 
need to evaluate 
(17) 

as / otos (0,0) V V / / 



d' 



(0,0) 



9mTr (^e*(^+*^) e*(^+"«)) 



dtds 

But for any anti-Hermitian a and /3 one has that 

Tr (e^" e'^) = Tr (e^"' e*^*) = Tr (e^"e^^ 

Hence any such Tr (e'" e*'') is always real, and therefore (I17p vanishes. □ 

Remark 4. There are at least two obvious ways one can equip G with a Kdhler 
structure: besides the one obtained from restricting the ambient Euclidean 
Kdhler metric through an affine embedding (as we use in this paper), one 
can choose an invariant metric on t and use this to identify t and t* . Using 
the Cartan decomposition this gives K x K-equivariant diffeomorphisms 

G^Kxi^Kxt^ T*K. 

The canonical symplectic structure on T*K and the complex structure on G 
combine to a Kdhler structure, which is discussed in jHal97] . Both of these 
methods depend on a choice, but they are mutually exclusive. 



Appendix B. Polar decomposition and moment maps 



There is related area where we shall need the polar decomposition. Recall 
that any matrix A in Mnxn{C) can be written as 

A = UP, with U e U{N) and P = VA*A. 

In this decomposition P is of course unique, but if A is not invertible U 
is not (for invertible complex matrices the Cartan decomposition and the 
polar decomposition coincide). Closely related to this is the fact that the 
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moment map for the 7^-action of U{N) on M7Vxiv(C) (equipped with the 
Euchdean Kahler metric) is given by 



where we identify u{N) with u*(A^) by means of {A,By = —Ti[AB), com- 
patible with the metric (flB]) we have chosen on Miy^NiC). The polar de- 
composition allows us to write down a section for fi^: if B is in the 
image of /x^ (i.e. if —iB is positive semidefinite) , simply put 



The entire pre-image of -B under //^ is then just the £-orbit U{N)s'^{B). 

These two items - a section of the moment map and a description of the 
fibers of as >C-orbits - are inherited by suitable submonoids of M^r xAf(C). 
Indeed, we have the following: 

Lemma B.l. Let S be a sub-monoid of AIi\fxNiC) given as the closure of 
a reductive subgroup H = Lc of GL{N,C), with L = H n U{N). Then the 
fibers of the moment map /x^ for the TZ- action of L on S are the orbits for 
the C-action of L (and vice-versa). 

Proof. Since the C- and 7?.-actions commute we know that any fiber of the 
moment map for one consists of orbits for the other. Now, since 5* is a 
spherical H x //-variety (were we use both C- and 7^-actions), it follows 
that symplectically it is a multiplicity-free space for the action of L x L 
(see e.g. the discussion in [KnolU §2]). As a result any fiber of $lxL (the 
moment map of the LxL action composed with the projection to the positive 
Weyl chamber) consists of a single L x L-orbit. Since ^lxL = {^l^ and 
= r o $^ (where r is the involution of the positive Weyl chamber) this 
implies that any fiber of fi^ is contained in such an L x L-orbit. 

On the other hand we know that the fibers of the moment map of the Tr- 
action of U{N) on M7VxAr(C) are the orbits of the /3-action of U{N). It now 
suffices to remark that, for a point of S, the intersection of its L x L-orbit 
with its >C-orbit for U {N) consists exactly of its /3-orbit for L. □ 

Let us denote the inclusion of S in MArxAf(C) by l. We can also construct 
a section of the moment map : S ^ I* = Lie(L)*, as follows: it is clear 
that 



(18) 



fi^{A) = iA*A, 



(19) 



s'^iB) = 



(20) 



{diY o oi = ^2 



and we have 



Lemma B.2. The map 



[diY : (^■ 



is a bijection. 
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We shall denote the (continuous) inverse of this bijection as tj. 

Proof. Let gi,g2 e 5* be such that ji'l{gi) = fi^{g2)- Then by Lemma [B.ll 
both belong to the same £-orbit of L in S, and therefore i.{gi) and i{g2) 
belong to the same jC-orbit of U{N) in M7VxAr(C); this gives {fi-ji o L){gi) = 
(/W7^ o 0(52)- □ 

We can put this together with the section of as 



S 



Ml 



{diY 



/u'^(M^x^(C)) 



u(iV)*. 



Lemma B.3. The composition s 
therefore be understood as a section of 



n 



o r] takes values in S, and can 



Proof. By continuity it suffices to check this on iJ^{H). The section is 
characterized by the fact that the polar decomposition all of its values can 
be chosen to have trivial unitary part. Now, if an orbit of the £- action of 
U{N) on GL{N, C) meets H (say in an element h), then the unique element 
in this /3-orbit whose polar decomposition has trivial unitary part has to be 
contained in H itself. Indeed, use the Cartan decomposition for H to write 
h = le^^. Then clearly also e*^ is contained in both the £-orbit of U{N) and 
in H. As the Cartan decomposition is preserved by l, this element will have 
trivial unitary part for the Cartan decomposition of GL[N,C), as well as 
for the polar decomposition (since the Cartan decomposition and the polar 
decomposition coincide for invertible matrices). Hence takes values in 
S, and since 7/ is a section of (di)* and is a section of fi^ it follows from 
(j20p that s^ is a section of fi^. □ 
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